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Introduction

In an earlier paper (Ottensmann 2016b), I argued that accessibility to employment may 
be a better predictor of density in census tracts than distance to the center of the urban 
area. This would suggest that as urban areas developed multiple employment centers, 
the error involved in using distance to the center as a proxy for employment accessibility 
would be increased. And this would result in the attenuation of estimates of the density 
gradient in the negative exponential model. This was demonstrated by comparing the 
estimates of density gradients made using census tract data with estimates using data 
for concentric rings around the center, which would be expected to have less error.

I have since had the idea that if the error in using distance as a proxy for accessibility is 
indeed the result of greater development of outlying employment centers, the degree of 
attenuation should be related to the performance of the negative exponential model in 
predicting density. This would be a very easy things for me to check. This note is a 
report on that.

Background

The initial paper in this series (Ottensmann 2016a) reported on the performance of the 
negative exponential model in predicting housing unit densities for census tracts in 43 
large urban areas from 1950 to 2010. One significant result was that the performance of 
the model as measured by the mean of the R2 values across the 43 areas declined 
steadily after 1970. These results are shown in the first data column of Table 1. This I 
believe can be explained by the increased development of outlying employment centers 
producing variation in density patterns from that predicted by the monocentric model.
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Table 1. Mean R2 Values for Tract and Ring Estimation of the Negative Exponential 
Model.

In a follow-up paper (Ottensmann 2016b), I argued that densities for concentric rings 
around the center would be less affected by the presence of outlying employment 
centers, as proximity to those centers would involve only a small portion of any ring. 
Therefore, estimates of the negative exponential model using ring densities should not 
show the same decline in recent decades as the estimates made using the tract data. 
The mean R2 values for estimates made using ring densities is shown in the right-hand 
column of Table 1. These values, much higher than the tract R2 values, which was 
expected, did not show the clear pattern of decline after 1970.

One interpretation of these differences is that with the development of outlying 
employment centers, a measure of accessibility to all employment in the urban area 
would be a better predictor of densities at the tract level than distance to the center. 
Assuming that to be the case, distance to the center might be seen as a proxy for 
employment accessibility, one having increasing error over time with the development of 
more polycentric cities. Increased error in the independent variable is expected to result 
in the attenuation of the estimate of the regression coefficient, in this case, the density 
gradient. And since the average employment accessibility for rings would again be less 
affected by outlying employment centers, less error would exist in using distance to the 
center as a proxy for accessibility. Less attenuation of the density gradient would then 
be expected. Thus estimates of the density gradients made using the tract data should 
show greater attenuation than estimates made using the ring data.

Table 2 compares the mean tract and ring estimates of the density gradients across the 
areas for each of the years. Both the tract and ring estimates declined steadily over 
time, something that has been almost universally observed for density gradients. From 
1950 through 1970, the tract and ring estimates were similar, and the tract estimates 
were actually larger in 2 of the years. But starting in 1980, the tract estimates were 
lower, with the relative difference tending to increase in subsequent decades. This 

Year Tract Mean 
R2

Ring Mean 
R2

1950 0.334 0.736

1960 0.355 0.779

1970 0.358 0.815

1980 0.276 0.739

1990 0.226 0.699

2000 0.202 0.697

2010 0.190 0.712
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would support the hypothesis of attenuation produced by the increasing error 
associated with the use of distance to the center as a proxy for accessibility to 
employment.

Table 2. Mean Tract and Ring Estimates of the Density Gradient.

A Further Hypothesis and Results

So we have two results: After 1970, the performance of the negative exponential model 
estimated using tract data as measured by mean R2 values declines. Also after 1970, 
estimates of the density gradient from tract data show increasing attenuation, thought to 
be caused by the error in using distance to the center as a proxy for employment 
accessibility. Both are believed to have been caused by the increased development of 
outlying employment centers.

But the degree of development of outlying employment centers varies not only over time 
but also across urban areas. This would then be expected to produce varying 
performance of the negative exponential model and R2 values associated with those 
differences. This would also be expected to likewise produce varying levels of 
attenuation of the density gradient, with greater attenuation associated with more 
outlying employment. And if both these hold, one would expect to find an inverse 
relationship between R2 values and levels of attenuation. Areas with more outlying 
employment should have lower R2 values and greater attenuation. This is something I 
can readily examine with the results from this work.

Table 3 presents the correlations between the R2 values and two measures of 
attenuation of the density gradient, the difference between the ring and tract estimates 
and the proportional difference. These are shown for each year and for all of the years 
and areas taken together. All of the coefficients were negative, as expected. About two-

Year Mean Density 
Gradient from 

Tract Data

Mean Density 
Gradient from 

Ring Data

1950 0.309 0.280

1960 0.226 0.221

1970 0.176 0.179

1980 0.116 0.127

1990 0.090 0.100

2000 0.074 0.090

2010 0.067 0.088
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thirds were statistically significant at 0.05 level or better. It is interesting that the 
relationships held before 1980 which saw the start of the decline in the mean R2 values 
and the mean attenuation in the estimates of the density gradient when using the tract 
data. It may have been the case that differences in levels of outlying employment were 
sufficient to produce variation across areas, but those differences were not changing 
over time to an extent that they produced variations that could be seen from decade to 
decade before 1980.

Table 3. Correlation Coefficients between R2 and Measures of Density Gradient 
Attenuation.
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Year Correlation of R2 
with Difference 

between Tract and 
Ring Density 

Gradients

Correlation of R2 
with Proportional 

Difference between 
Tract and Ring 

Density Gradients

1950 -0.266 -0.119

1960 -0.365 * -0.363 *

1970 -0.379 * -0.439 **

1980 -0.412 ** -0.504 ***

1990 -0.085 -0.096

2000 -0.283 -0.371 *

2010 -0.486 ** -0.719 ***

All Cases (Pooled) -0.205 *** -0.301 ***

   * p < 0.05,  ** p < 0.01,  *** p < 0.001
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